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MAPE is simple to calculate and easy to understand, which attest to its popularity, but according
to the National Research Council (1980), any summary measure of error should meet five basic criteria—
measurement validity, reliability, ease of interpretation, clarity of presentation, and support of statistical
evaluation. MAPE is easy to present and interpret, but its reliability and validity are questionable. Simple
percent differences are affected by the size of the base, which varies widely in small area estimates and
forecasts. And the distribution of absolute percent errors is most often asymmetrical and right skewed.
Therefore, the mean as a summary measure, can dramatically overstate error.

Although the wisdom of a single-minded focus on accuracy has been questioned (Long, 1995;
Pittenger, 1980; Swanson and Tayman, 1995; Tayman and Swanson, 1996), it is widely acknowledged that
accuracy is fundamental to estimates and forecasts and their evaluation (Yokum and Armstrong, 1995;
Smith, Tayman, and Swanson, 2001; Tayman, Swanson, and Barr, 1999).

Two important properties of a good summary measure are resistance and robustness (Huber, 1964;
Tukey, 1970). A measure is resistant if a small subset of the population or sample does not have a
disproportionate effect on its value. Resistant measures focus on the main body of the data with little effect
from outliers. The median is such a measure; MAPE is not because only a few outliers can dominate it. A
related concept is robustness, which is a measure’s insensitivity to violations of assumptions underlying it,
such as the distributional shape of the observations. Hoaglin, Mosteller, and Tukey (1983: 283) argue that
a good summary measure should be close to the true value for many distributions. Because MAPE is a
mean, extreme observations have unbounded influence: in the limit, MAPE can become infinite as the
result of an infinite error. MAPE is, therefore, not robust. In practice, because MAPE is computed using
nonnegative observations, it will increase as its underlying error distribution becomes more asymmetrical
and right-skewed.

In a symmetrical distribution, estimates of central tendency are similar or extremely close in value,
including the mean, median, mode, and mid-mean (the mean of the central half of the distribution). If the
distribution of absolute percent errors (APEs) is symmetric, MAPE is a valid measure of location because it
neither overstates nor understates the level of error. It also makes use of all observations and has the
smallest variability from sample to sample (Levy and Lemeshow, 1991). However, most empirical APE
distributions are not symmetric because they are bounded absolutely on the left by zero and are unbounded
on the right. Thus, APE distributions are right-skewed, with the degree of skewness determined by the
number and values of outliers.

To address the effect of a right-skewed distribution on MAPE, Swanson, Tayman, and Barr (2000)
first identified conditions under which the APE distribution should be normalized, using guidelines

developed by Emerson and Stoto (1983: 125). They showed how the Box-Cox transformation could be



used to effect a normalized the APE distribution and then introduced MAPE-T (MAPE-Transformed) as a
summary measure of accuracy for this normalized distribution. The normalized distribution considers the
entire data series, but assigns a proportionate amount of influence to each case through normalization,
thereby reducing the otherwise disproportionate effect of outliers on a summary measure of error. Because
MAPE-T was in effect, in a different scale of measurement than the original APEs, Swanson, Tayman, and
Barr (2000) applied an estimate of the inverse of the Box-Cox transformation to rescale MAPE-R back into

the original unit of measurement, and termed this final result, “MAPE-R.”

Generating MAPE-R: Transformation and Symmetry

To test if a set of APEs should be transformed, Swanson, Tayman, and Barr (2000) used a set of
guidelines suggested by Emerson and Stoto (1983: 125): If the (absolute) ratio of the largest value to the
smallest value exceeds 20, then transformation is useful. If the ratio is less than two, the transformation
may not be useful. A ratio between 2 and 20 is indeterminate. When the guidelines indicate a potentially
useful transformation of APEs to a symmetrical distribution, the transformation is assumed to be successful
when the average of the new distribution does not overstate or understate the error level, but uses all
observations. In this situation, the observations receive nearly equal weights, closer to 1/n, while the
resulting average remains intuitively interpretable and clear in its presentation.

To change the shape of a distribution efficiently and objectively and to achieve parity for the
observations, Swanson, Tayman, and Barr (2000) used the Box-Cox (Box and Cox, 1964) transformation to
render symmetric the APE distribution. The Box-Cox transformation is defined as:

y=(x*=2)/2 forn0;0r

(1.a)

vy =In (x), for A = 0, (natural logarithm)

(1.b)

where
x is the absolute percent error: 100 * (estimate/forecast — “truth”) / “truth”;

y is the transformed observation (which are then averaged to form “MAPE-T,” the transformed MAPE);
and
A is the power of transformation.

One determines A by maximizing the log-likelihood function
o(2)= —(n/2)xln{(l/n)§:(y,- —)7)2}+()~—1)xilnx,- (1)

i=1 i=1
where
n is the sample size;
v; 1s transformed observation i;

Y is the mean of the transformed observations; and

Xx; is original observation i.



The optimal A minimizes the sum of the squared transformed differences embedded in the log-
likelihood (or, equivalently, the likelihood) function and maximizes the probability that the transformed

data come from a symmetric normal distribution. The result is the reduction of the absolute value of

n —\3 .. . .
skewness, % ZH (yl. - y) ‘ , to nearly zero. Values of A > 1 eliminate negative skewness, while values

of A, 0 <A < 1, eliminate positive skewness (Jobson, 1991: 68). It should be noted that the optimal A does
not guarantee symmetry, but, rather, it generates the transformation power most likely to yield a symmetric
normal distribution. A possible complication is that the transformed distribution’s kurtosis may
significantly depart from that of the normal distribution, leading to rejection of tests for normality (Thomas
Bryan, personal correspondence).

In their preliminary tests, Swanson, Tayman, and Barr (2000) noted that their modified Box-Cox
transformation not only compressed very large values, but also increased values greater than one in skewed
distributions where A was relatively small, for example, less than 0.4. This property illustrated how this
transformation was more effective in achieving a symmetrical distribution than simpler, non-linear
functions that only increased original values of less than one. Because many estimation errors are greater
than one percent, the modified Box-Cox equations not only lowered extremely high values toward the body
of the data, but also raised relatively low values. These characteristics minimized skewness and increased
symmetry.

After the distribution of absolute percent errors are transformed, a simple procedure is required to
determine the need for re-expression into a measure in the same units as the original APEs. This is done by

applying the inverse Box-Cox transformation to MAPE-T:

MAPE-R = [(A )(MAPE-T + 1)]". ()
and leads to the closed-form expression for MAPE-R:
1 1A
(— 7 APE?) = M})(APE) ()
n i=1
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where ML”](a) = (lz a.”) is the pth power mean of the positive vector a = (ay,...a,)’ and APE is the

n i=1 i

vector of the APE,.

Test of Utility

The natural extension of this exercise is to develop a full-scale rigorous test of the measure. With
the dissemination of U.S. Census 2000 data, demographers were afforded the opportunity to begin testing
small-area population estimates that had been developed over the course of the preceding decade. Given
the vast improvements in computational power and statistical software, it was disappointing to see the same
statistical measures (e.g. quantiles and MAPE) being used to evaluate very large population estimate
datasets. These evaluations occasionally undertook crude measures to account for significant outliers, such

as by using an arbitrary trimmed mean. Even with these crude and arbitrary measures, the results of these



evaluations were very predictable: large percent errors in small pieces of census geography led to very
high, biased and unreasonable error measures.

This paper utilizes the MAPE-R as an error measure of block group level population estimates
from a private Application Service Provider (ASP) with demographic expertise in the United States. The
test involves comparing the private vendor’s 2000 block group population estimates with a large sample of
the 208,668 Census 2000 block groups in the United States. The exercise will demonstrate the utility of the

MAPE R as a high-quality summary measure of error in small-area population estimates.
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